The family of topologies that induce the Euclidean metric space on every time axis and every space axis exhibits no maximal element when partially ordered by the relation "finer than", as demonstrated in this article. • M ≡ R 4 : Minkowski space;
I. INTRODUCTION A. Presentation Outline
This document is organized in five sections:
I. Introduction, containing: A. Presentation outline, and B. Definitions, II. Illustrative case, III. Demonstration, IV. Conclusions, V. Discussion. The illustrative case announced in item II above is not essential, though its reading is recommended. j where x = (x 0 , x 1 , x 2 , x 3 ) ∈ M : characteristic quadratic form on M ;
• G: group of automorphisms of M given by the Lorentz group, translations and dilations;
• R ≡ R × 0: initial time axis;
• R 3 ≡ 0 × R 3 : initial space axis;
• g : R 4 → M, g ∈ G: coordinate system;
• gR and gR 3 : time and space axes of the coordinate system g;
• C L (x), C T (x), C S (x): light cone, time cone and space cone, respectively; • light ray, time axis and space line;
• lightlike, timelike, and spacelike line, ray, vector and path;
• ρ: Euclidean metric; • M ℑ : M endowed with the topology ℑ; • N ℑ ε (x): ℑ-neighborhood of "radius" ε ∈ R + around x ∈ M .
The above definitions are not reproduced here in detail, considering their widespread usage, plus the fact that they have been formally presented in [1] .
Definition of the family F :
F ≡ Topologies on M = R 4 that induce 1 the 1-dimensional Euclidean topology on every time axis gR and the 3-dimensional Euclidean topology on every space axis gR 3 , where g ∈ G.
II. ILLUSTRATIVE CASE -THE K-POPPY TOPOLOGIES
The k-poppy topologies constitute a chain of pseudometrizable topologies defined as follows: Given x, y ∈ M, k ∈ I + , let:
The members of the k-poppy topology chain exhibit the following features:
• They are all members of F .
• As k increases, each member of the chain is strictly finer than the previous one.
• The limit topology as k → ∞ is not in F .
In effect:
1. Given k ∈ I + , it follows that ℑ ΠK ∈ F.
Consider any arbitrary point x ∈ M and any arbitrary time axis T running through x. Because T is a time axis, it lies within C T (x) and therefore, as established in [1] , an automorphism g ∈ G exists, such that T = gR. Furthermore, because gR ∈ C T (x), any y = x ∈ gR verifies Q(y − x) > 0, so there exists a real value In this manner, the k-poppy metric may be expressed along gR, as:
Given any arbitrary time axis T = gR that defines g ∈ G and therefore defines a g ∈ (−1, 1), and given k ∈ I + , the metric π k is equivalent to the 1-dimensional Euclidean metric ρ over T .
In a similar manner, if an arbitrary space axis S running through x is considered, the fact that S must lie within C S (x) guarantees the existence of an automorphism g ∈ G such that S = gR 3 . Furthermore, because gR 3 ∈ C S (x), any y = x ∈ gR 3 verifies Q(y − x) < 0, so there exists a real value a g ∈ (−1, 1) such that
This situation is also schematized in Figure 1 for a 2 − D manifold, where
In this manner, the k-poppy metric may be expressed along gR 3 as:
Given any arbitrary space axis S = gR 3 that defines g ∈ G and therefore defines a g ∈ (−1, 1), and given k ∈ I + , the metric π k is equivalent to the 3-dimensional Euclidean metric ρ over S.
Consequently, given k ∈ I
+ it follows that ℑ ΠK ∈ F. Figure 2 illustrates the relation between the Euclidean distance ρ and the k-poppy distance π k for different time axes when k = 1 (the analysis may be easily extended to space axes and other k values). For these effects, a unitary Euclidean neighborhood (circle) has been drawn, as indicated in Figure 2a , intersected by k-poppy neighborhoods of varying "radii". Figure 2b shows a plot of the diameter of each k-poppy neighborhood against the corresponding arc span (computed from the point where the Euclidean unit circle intersects the time axis R × 0 to one of the corresponding k-poppy neighborhood intersection points). As a time axis approaches the original R × 0 axis, the Euclidean and the k-poppy distances coincide, but as the arbitrary time axis gets closer and closer to a time cone, the ratio between the k-poppy distance to a given point and the Euclidean distance to the same point increases indefinitely. The same thing happens in the case of space axes. Call this axis-dependant ratio, H k , and make it a function of a, as follows: H k : a ∈ (−1, 1) → R + . It will play an essential role in §III of this work.
FIG. 2: Analysis of
H k = π k /ρ
Every k
In effect, for every
+ . This is so, because π k (x, y) ≤ π k+1 (x, y) ∀y ∈ M , so by simply setting δ = ε, any y ∈ N ΠK+1 δ (x) also verifies π k+1 (x, y) < δ = ε, which means that π k (x, y) < ε, which in turn implies y ∈ N ΠK ε (x) and so
The neighborhoods of a 2-D k-poppy topological space look like poppies, the petals of which get thinner and thinner, fitting snugly one inside the other with increasing k, as illustrated in Figure 3a , for the case of ε neighborhoods. For a 3-dimensional representation, rotate the 2-D graph about its vertical axis. Figure 3b illustrates the various H k ratio functions for ε neighborhoods.
It may be shown by reductio ad absurdum that, for every k ∈ I + , x ∈ M, ε ∈ R + , there is no δ ∈ R + such that N ΠK+1 δ (x) contains the neighborhood N ΠK ε (x). For this, assume that So, considering that, if
the conclusion is reached that it is always possible to choose a vectorỹ complying with the following two conditions:
Simultaneous verification of (a) and (b) above contradicts the hypothesis.
Sincek ∈ I + ,x ∈ M,ε ∈ R + , are arbitrary, it follows that ℑ ΠK ⊂ ℑ ΠK+1 . Figure 4 illustrates this situation, showing how a 2-poppy neighborhood will always intersect a 3-poppy neighborhood of larger radius, no matter how "large" the 3-poppy neighborhood is. The fact that they intersect leads to the contradiction highlighted above. 4. The limit of the sequence of k-poppy topologies as k → ∞ is ℑ ∞ / ∈ F.
The close relation existing between distance functions and their induced topologies allows analyzing what happens with the latter, based on an analysis of the former.
As k → ∞, the k-poppy distance functions increase their sensitivity or discriminatory capabilities. In effect:
This is,
∞ if x = y and a ∈ (−1, 0) ∪ (0, 1) ρ(x, y) if x = y and a = 0 1 if x = y and a = ±1 0 if x = y Let ℑ ∞ be the topology induced by the π ∞ (x, y) pseudometric. Since π ∞ (x, y) is not equivalent to the Euclidean metric on every time or space axis, it cannot induce on them the Euclidean topology. It therefore follows that ℑ ∞ / ∈ F. Figure 5 illustrates an ε neighborhood and H k ratio function for ℑ ∞ . 
III. DEMONSTRATION OF THE INEXISTENCE OF ZEEMAN'S FINE TOPOLOGY
The framework and concepts illustrated in §II will prove to be useful in demonstrating, by reductio ad absurdum, that the family F exhibits no maximal element when partially ordered by the relation "finer than". If F has no maximal element under such ordering then it has no maximum, and thus there is no such thing as the finest topology that induces the Euclidean metric space on every time axis and every space axis. Zeeman's fine topology does not exist.
Let F be ordered by the partial order relation ⊆ so that ℑ 2 ∈ F is said to be finer than ℑ 1 ∈ F (iff) ℑ 1 ⊆ ℑ 2 , and assume that a maximal element ℑ Z ∈ F exists under this partial ordering (in what follows, reference to the partial ordering ⊆ will be omitted for concision, in the understanding that it is the only ordering used).
Though ℑ Z need not be metrizable in M , the condition ℑ Z ∈ F forces the metrizability of the relative versions of ℑ Z to every time axis and every space axis (gR and gR 3 respectively, which in turn define a g , as in §II.1 above). Moreover, the condition ℑ Z ∈ F forces said relative versions to be equivalent to the Euclidean topology, thus guaranteeing the existence of upper and lower bounds for the relative metrics in terms of the Euclidean metric. This condition may be expressed in mathematical terms, where the upper and lower bounds are respectively named H ℑZ and h ℑZ and are functions of the selected arbitrary axis in a manner similar to the H k ratio functions illustrated in §II, as follows:
The only requisite imposed on the boundary functions H ℑZ and h ℑZ so that ℑ Z be a member of the family F is that they be real valued and positive. Specifically, neither continuity, nor smoothness, not even boundedness are necessary conditions for H ℑZ and h ℑZ . Figure 6 illustrates examples of boundary functions that yield topologies belonging to F .
FIG. 6: Examples of Boundary functions H ℑ
Choose then another topology ℑ r ∈ F such that, when relativized to any time or space axis (thus defining a g ), its lower bound h ℑr (a g ) is related to the upper bound of ℑ Z , namely H ℑZ (a g ), as follows:
It will be shown that the feasibility of this selection (guaranteed because a g ∈ (−1, 1) and H ℑZ ∈ R + ) contradicts the hypothesis, because for every Q ∈ R + it allows bounds a Q ∈ [0, 1) to exist, such that:
In effect, if ℑ Z was a maximal element in F (ℑ r ∈ F ⇒ ℑ r ⊆ ℑ Z ), this would force:
This requirement (formulated in terms of the topologies' neighborhoods), may also be expressed in terms of their respective distance functions:
When condition (5) is analyzed in conjunction with the facts that, on one hand
and, on the other,
the conclusion is reached that, if ℑ Z was a maximal element in F , then
This last requirement states that, for ℑ Z to be a maximal element in F , the following must verify
which may only happen if
Condition (10) is also expressible as
an expression which, given Q ∈ R + (say, Q = ε/δ), does not verify ∀a g ∈ (−1, 1) ∼ (−a Q , a Q ), as shown in equation (3) above, precluding ℑ Z from qualifying as a maximal element in the family F and thus contradicting the hypothesis, as was to be demonstrated.
Because F has no maximal element it has no maximum. Thus, there is no topology in F that qualifies as the finest.
IV. CONCLUSIONS
The following conclusion may be drawn: Zeeman's fine topology [1] and Göbel's extension to arbitrary spacetimes [2] do not exist.
V. DISCUSSION
The above document invites the reflection on two subjects:
1. The mathematical impact of this exercise is not grater than that attributable to [3] , where it was already demonstrated that the Lorentzian pseudometrics and their induced topologies (the prevailing paradigm for spacetime), must be discarded and other fundamentally different topologies should be used instead. From this point of view, Zeeman's attempt for providing an alternative topology suitable for mathematical analysis in special relativity and Göbel's extension to general relativity are steps in the right direction. They fail, however, because they employ piecewise synthesis: Zeeman's proposal and Göbel's extension may be classified as type-2 strategies within the taxonomy defined in [3].
2. The epistemological impact of this work is -on the other hand-far more important, as it incites the unavoidable reflection of: "how could the scientific community respectably use these inexistent topologies for over 3 decades?" The author does not have an undebatable answer to this question. A line of thought is offered though, based on the consistence and coherence of mathematics: one of the few reasonable scenarios capable of accommodating the historical facts is to assume that Zeeman's and Göbel's topologies were never really (mathematically) used. This is: because each and every analytical expression must be construed in a space with a certain topology 2 , whenever differentials or integrals on the Lorentzian segment "s" appear, the topology induced by "s" is the one being used, irrespective of any prolegomena describing alternative topologies. Along this argument, if Zeeman's fine topology or Göbel's extension had been intended for mathematical analysis, then either should have been metrized, and the derived metric (call it "z") should have been used when differentiating and integrating. Had this ever been attempted, the impossibility of the intended task would have been made immediately obvious.
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